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ABS TRACT 


In a series of papers, D.H. Gottlieb studied the evaluation 
subgroups Go O®) of homotopy groups extensively. Later, K. Varadarajan 
generalized GC &) to the more general setting G(A,X) and dualized. 
The purpose of this work is to carry out a further study of the 
evaluation subgroup and its dual in Varadarajan's setting. In 
Chapter I we show that cyclicity of maps is closed under product 
and that if £ is cyclic then f is central. The relationship 
between cyclicity of maps and maps of finite order is also 
investigated. Chapter II is devoted to the study of G(A,X). 

Some results of Gottlieb ([9] and [12]) are generalized. A 
convenient subset C(A,X) of [A,X] (when A is a co-H-space) 
is introduced and some of its basic properties derived. It is 
also shown that G(A,X) and C(A,X) are contravariant functors 
of A from the full subcategory of H-cogroups and maps into the 
category of abelian groups and homomorphisms. We deduce from 
this that “G@@ix)s and "C(X>X)” are rings ir” X**is”an"H=cogroup. 
Chapter III deals with the dual concept cocyclicity of maps. 

The dual notion of centrality is also introduced and some basic 
results established. In Chapter IV we settle a problem of 
Varadarajan by showing that DG(X,A) is a subgroup contained in 
the center of [X,A] if A is an H-group. Most of the results 


of Chapter II are dualized by using some facts of Chapter III. 
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PRELIMINARIES 


This work is a continuation of the study of the evaluation 
subgroups initiated by B.J. Jiang and D.H. Gottlieb. It was 
Jiang [22] who first investigated the subgroup wy (1, OD) of 
_the fundamental group in the study of the Nielsen-Wecken theory 
of fixed point classes. Later, Gottlieb, in a series of papers 
({9], [10], [11], [12], [13] and [14]), studied the evaluation 


subgroups G(X) (which is oT 1 ))) and G(X) (which is 


wy(m 1 ))) extensively. More precisely, he studied the 
connections among the evaluation map and H-spaces, Whitehead 
products, the Euler characteristic, covering spaces, fibrations, 
and homology. Subsequent to the work of Gottlieb, contributions 
have been made in this area by W.J. Barnier [4], T. Ganea [8], 
HoBe Haslam 15) and [Loy , .CrS.sHoo [(20)s G.E. Langs Jr: (23); 
J. Siegel [29], and K. Varadarajan [31]. Barnier studied the 
Jiang subgroup in great detail and generalized some results of 
Gottlieb [9]. Ganea provided an example of a space X in 
which P(X) # G(X). Haslam considered H-spaces mod F, 

G-spaces mod F and the dual of COX) in Gottlieb's setting. 
Hoo gave a criterion for cyclic maps from suspensions to suspensions. 
In his dissertation, Lang obtained a long exact sequence which 
generalizes the EHP sequence of G.W. Whitehead. Techniques were 
developed for determining G(X) and calculations of G(X) for 
certain spaces X were also given. Siegel produced a finite 


dimensional G-space (that is, a space X in which GC ®) = uane.9) 
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for all n) which is not an H-space. It was Varadarajan who 
first generalized GX to G(A,X) and dualized, Some 
parallel results of and others dual to me.2) were obtained 
in this general setting. 

It is our purpose in this work to make a further study 
of the evaluation subgroups and their duals in Varadarajan's 
general setting. In Chapter I we consider cyclic maps and explore 
some of their properties. It is shown that cyclicity of maps is 
closed under product and that if f is cyclic then ff is central. 
The relationship between cyclicity of maps and maps of finite 
order is also investigated. Chapter II is devoted to the study 
of G(A,X) which consists of all homotopy classes of cyclic maps 
from A to xX. Its intrinsic structures are further examined. 
Some results of Gottlieb ([9] and [12]) are generalized. A larger 
subset C(A,X) of [A,X] (when A is a co-H-space) is introduced 
and some of its basic properties derived. It is also shown that 
G(A,X) and C(A,X) are contravariant functors of A_ from the 
full subcategory of H-cogroups and maps into the category of abelian 
groups and homomorphisms. From this we deduce that G(X,X) and 
C(X,X), are rings if X is an H-cogroup. Chapter III deals with 
the dual concept cocyclicity of maps. The dual notion of centrality 
is also introduced and some basic results established. In 
Chapter IV we settle a problem of Varadarajan by showing that 
DG(X,A) is a subgroup contained in the center of [X,A] if A 
is an H-group. Most of the results of Chapter II are dualized 


by using some of the results of Chapter III. 
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We shall now establish the notation and terminology that 
will be used throughout this thesis. Unless otherwise stated, we 
shall work in the category of spaces with base points and having 
the homotopy type of locally finite CW-complexes (which will be 
defined later). All maps shall mean continuous functions. All 
homotopies and maps are to respect base points. The base point 
as well as the constant map will be denoted by *. 1 (sometimes 
with decoration) will denote the identity function (resp. map) of 
a set or a group (resp. space) when it is clear from the context. 
For simplicity, we shall use the same symbol for a map and its 
homotopy class. 

in what follows, let A, B, X; Y and Z be any spaces. 
The set of homotopy classes of maps from X into Y will be 


denoted by [X,Y]. For each map f: X > Y, the induced functions 


f,: [Z,X] > [Z,¥] 


i? 
and 


f"; [YZ eee Z.] 


are respectively given by £4 (8) =fe for each de ea [Zek]edand 
£Y (h) =rhctuforleachimhiei {yy Zi 

All function spaces will be endowed with the compact-open 
topology and, unless otherwise stated, the constant map will be 
taken to be the base point. - shall denote the space of free 
haps: from {X) tofmX1)with ly as base point. The evaluation map 


X 
W: ee > xX (48 definéd\to be* <a(£)*=)f(*)= foreach! foe xX * 
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The wedge product of X and Y is given by 


RNY 2X {4h} 0 14) x ¥, . the smash product. by 


mS 
x 
= 


OU N Ye = 


f and the flat product 


as 
< 
re 


by X bY = E(X x ¥3X v Y,*) which is the space of paths in xX x Y 


-which begin in XV Y andendin %*. 

The diagonal map he uX XxX is -oiven’ by A(x) = (x x) 
for each x « X, the folding map V: X VX +X. by V(x, *) = V(*,x) = x 
for each > x ¢-X, and the switching map T: Xx Y >Y x X by 
Dey) =" (vx). for each’: x <¢ X, y € Y. 

Frequently (not always) i and j will be reserved for 
the inclusion maps of the form ij: ee ka eNO i,: Ye Gee She 
and j: XV Y >X x Y respectively. The projection is denoted by 
p with decoration. 

An H-space X is a topological space together with a map 
m: X xX X > X such that mj ~ V.where = denotes "homotopic". 

The map m is called an H-structure (or multiplication) on X. 

A co-H-space X is a topological space together with a 
map $: X*+ Xv X* such that jd = A. The map $ is called a 
co-H-structure (or comultiplication) on X. 

An H-group X is a topological space together with an H- 
structure m: XX X +X andamap wu: X +X _ such that the follow- 
ing are satisfied: 

(1) m(mx1) = m(1xm) (homotopy associativity), 


(2) m(1x*)A = m(*x1)A = 1 (existence of identity), and 
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(3) m(1xp)A = m(ux1)A = * (existence of homotopy inverse). 

An H-cogroup X is a topological space together with a co- 
H-structure @ : X > X VX andamap v: X~>X_ such that the follow- 
ing are satisfied: 


(1) (1Vv¢)¢ = (¢v1)¢ (homotopy associativity) , 


(2) V(1lv*)¢ = V(*4V1)> = 1 (existence of identity), and 
(3) V(lvv)> = V(vv1l)¢ = * (existence of homotopy inverse). 


Let I be the closed unit interval. The reduced suspension 


of X is defined to be 


X x I 


TAS Oph) uu (RERT 


and the loop space’of X to be “Nx = {Lh « x | 2(0) So. Camas Ore 
Pk NS amap. then the maps if: 2% > 2Y. cand: fs. 2X, soQy 

are respectively given by “f(x,t) = (f(x),t) for each xe X, 
Peers sand. -C£CR) Col= £¢2 Ct). «for each £6 Qk. tue 1. The 
adjoint functor (or natural isomorphism) from the group [2X,Y] 

to the group [X,QY] will be denoted by tt. The symbols en 


and e' shall denote ae) 


nN oa) and ts) respectively, the 


subscript will be dropped if there is no danger of confusion. 
For each .f € [ZA,X]/ and g« [ZB,X], there is 
associated a unique homotopy class in [2Z(AAB),X] which is 
called the generalized Whitehead product of f and g and is 
denoted by [f,g] (see [1]). Dually, for each f € [X,®A] and 


g « [X,2B], there is associated a unique homotopy class in 
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[X,2(AbB)] which is called the dual of the GWP of f£ and g and 
is denoted by [f,g]' (see [1] also). 

Let n> i be an integer. A space X is said to be 
(n-1)-connected iff Ty (X) sro for alin wir acneil. 


Let Q ~be the field’of rationals. A space X is said 


for pe a rational homology n-sphere iff 


‘TAO .G08 
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The Euler characteristic of a space X is defined to be 


where 


an dim(H' (X5Q)) 


Let E” and e” denote respectively the closed and 
the open n-cells (n > 0). A CW-complex X is a Hausdorff space, 
together with an indexing set A, for each integer n> 0, and 
maps on: GEARS S 4 Call i> Oy cae A); such that the following 
properties are satisfied (see [26]): 


n 


Chex =o Ce.) <forvall m>.0. and aie A, (we 


n 
a, 
f fe) fe) : : 
interpret e and E&E as a single point). 


(2) en(e') n one") is empty unless n=m and a= 8B; 
oO 


n 
and 9 |e is one-to-one for all n> O and ae A, 
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(4) A subset Y of X is closed iff ()- (Y) is 


closed in oe for each n> 0 and aeé A: 


(5) For each, n > 0 and a‘< A. or (E") is contained 
in the union of a finite number of sets of the form pace") 
& CW=complex xX is locally finite iff each point x ¢« X. has a 
neighborhood meeting only a finite number of cells. 

Amap ££; X > Y is called a: fibration 1ff for any space 


Ze any Map) 0° 2 > xX and any homotopy. Hs 2’ x E + Y such. that 


H(z,o) = fg(z), there exists a homotopy G: Zx I+ xX with 


G(z,o) e(2) sand ~fG>>.H; 
A map £:-X > ¥ is called a cofibration iff for any 
space 'Z, “any map ¢@: Y > Z and any homotopy HH: X x I +'Z - such 
that H(x,o) = gf(x), there exists a homotopy G: Y x I+ Z with 
Cly lo) = ey) Vand -GCf(x).t) = He,t) forvall xe 4%, te 1. 

For the notation and terminology not mentioned above 


the reader is referred to [26] or [30] unless otherwise specified. 


The following facts are frequently used: 


(1) If A is a co-H-space, then we can find a map 


SAL SOAS Such) that Tes) = 1,- 


(2) If B is an H-space, then we can find a map 


s': Q3B > B such that s'‘'e' = 1. 
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(3) Let A and B be an H-cogroup and an H-group 
respectively. Then [A,X] and [X,B] are groups for any 


Space X. 
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CHAPTER I 


CYCLIC MAPS 


ae introduction 

In this chapter we make a further study of cyclic maps. 
Section 1.2 is devoted to the definition and existence of cyclic maps. 
In Section 1.3 we show that cyclicity of maps is closed under product 
and that if £ is cyclic then &f is central. Some results of 
Gottlieb on homology together with a result in Section 2.2 of 
Chapter II, namely wy (LA, 1) = G(A,X), are applied in Section 1.4 
to investigate the relationship between cyclicity of maps and maps 


of finite order. 


1.2 Definition and Existence of Cyclic Maps 
Definition 1.2.1. A map of: A > x. is: saidito be eyclic if 
there exists a map F: X x A> X_ such that the following diagram is 


Tin F xX homotopy commutative: that is, 


J Rj? =“ VGivs). Since j is a 

TANS, 
V(1v£) cofibration, this is equivalent to 

Tae saying that we can find a map G 

G: X x A>xX such that Gj = V(1V£). We call such a map G an 

associated map of f. The set of all homotopy classes of cyclic maps 


from A to X is denoted by G(A,X) and is called the Gottlieb 


subset of [A,X]. 


Remark 1. Note that a map f: A> X is cyclic iff there 


exists a map F: X x A+ X_ such that Fi, = 1, and Fi, = f, where 
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ij: X > X * A wand i,: A>X x A are inclusions, that is, F is of 
type (1,f). Clearly the constant function *: A> xX is cyclic. 
Remark 2. If A= 5S" (n > 1 is an integer), then G(A,X) 


reduces to G(X) ([9]) and e.9) ({[12]) which is called the joe 


evaluation subgroup of kX. 


Lemma 1.2.2 ((31]). Let f: A> X bea cyclic map and 
o: bp > A Wan arbitrary map. Then f0: B +X is a cyclic map. 
The existence of cyclic maps is easily seen from the previous 


remark and the following proposition. 


Proposition 1.2.3. Let X be a space. Then the following 
are equivalent: 

(a) X is an H-space. 

(oye is cyclic. 


(c) G(A,X) = [A,X] for any space A. 


Proot., (a) <=>" (b). .let am (be the H-structire on X. Then 
mj =~ V= V(1v1y) so that ly Leccy cue. 

(b) => (c). Let A be any space and let f € [A,X]. Then 
f = lof is cyclic, by Lemma 1.2.2. 

(c) => (a). Take A= X., Then 1, is cyclic, so that we can 
finda map “mex < 4s. > xX such "that nj =". 


Thus we have the following result of Varadarajan and also its 


converse: 


Corollary 1.2.4 ([31]). Tf. X. is an H-space, then any 


map: ©: A xX isicycrlic. 
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Another way in which cyclic maps arise naturally is by 
fibrations .2{tSuppose * F. > ac-~Bi! is “a Wibratdion, Then we have an 
operation p: F x 2B > F of the loop space of the base on the fibre. 
The fibration gives rise to a Puppe sequence ... > NE > op o> [i Se i debe 
We can take 9 = p/RB, that is, p is a map of type (1,9), or 92 
is cyclic. It follows that for all spaces A, 3 LA, OB] <¢ G(A,F). If 
G(A,F) = 0, then we can obtain some information on the fibration. 


More precisely, we have the following result. 


Theorem 1.2.5. Let F > ES sa DewaAse tb rsatsconn vmse 


G(A,F) = 0, then p has a cross-section. 


Proof ectew GCA, F)..=/o,.. then 3 LA, QEA] =o. Hence from the 
exact sequence of the fibration, we see that (8p) 43 [A,2E}] > [A,QZ2A] 
is onto. In particurar, we can find a map @f: A-> QE such ‘that 
(Qp)f = e' where e': A> QZA is the adjoint of the identity map 
ZA > ZA. Taking adjoints we obtain a Ce) a 1a where ene) 


is the adjointof f. Thus we obtain a cross-section. 


2 
Example. Any fibration E > sone With £i1pre —S “ (ad) 


2n 
admits a cross-section. In fact, G, 6S ) = 0, by Theorem 5.4 


of.[12]. 

A third way of getting cyclic maps is as follows: Let G 
be a topological group and let H be a closed subgroup. Let G/H 
denote the space of left cosets and let p: G > G/H be the natural 
map. Then p is cyclic since we have a natural map G/H x G > G/H 
given by (g,H,8,) > 88H, of type (l,p). For further detail about 


this see [23] and also Proposition 2.3.9. 
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1.3 Some Basic Properties of Cyclic Maps 
Let = 0%. B XA and "gk. X = Yorbelmaps suwchithat..-¢ has a 
right» homotopy inverse. Then if f: A> X is cyclic, so are f6 


and gf. 


Example 1. Let A be a co-H-space and f: A> xX a map. 
amen tt sis icyelle if. fe: 20k > X dis eyelac. In fact, there. exists 


a map s: A> YA such that es = Lys so that f = fes. 


Example 2. Let ae Ty ty ®) be such that any representative 
g of a has a right homotopy inverse, then 2a «€ G, 41%): For aif 
+ + 
£: gt ats aot : issa map of degree «2, them 2[g]:= [gf] and £ 


is cyclic, by Theorem 5.4 of [12]. Thus gf is cyclic: 


Definition 1.3.1 -C[2k)).) .A-space X° is-said to be°m- 
coconnected (m-> 4) is an integer), if, H (X;G) =o foreach q>m 


and for each coefficient group G. 


Lemma 223.26 CL2Zaye pe 2isRieLet K and Y' be’two 


(2m-1)-coconnected spaces. If f: X > Y is a map, then 


e r(yY) > 1" (X) is a homomorphism, where r(x) and r'(Y) are 
the oe cohomotopy groups of X and Y _ respectively. 

Proposition 1.3.3. Let B be (4n+tl)-coconnected. If 
2 5B-> Daa © is any map, then 2g is cyclic. 


Sel 
Proof. 4LE 1 = 0,,. then [B,S+] = G(B,s*) since §S is 


an H-space. Thus the proposition is true for n =o. 
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+ + 
fie s*B Ls sth be a map of degree 2 and 1 a generator of 


oat (Gamnek = 049 EN) ny. According té6 Lemma 1.3.2, 


# 2nt1, 2nt+1 2n+1 
cue oF (s ua ot 


are (4n+1)-coconnected. Hence 3 (£) a gf (21) = ae) = e"(1) te ren 


(B) is a homomorphism since Band gantl 


Siotes = 26, so that fg'= 2e. Now since, £ ds cyclic, it follows 
chet Ze is also cyclic. 
The next result says that cyclicity of maps is closed under 


product. 


Proposition di3e4ee.If the maps f: A> xX and g: B+ Y 


ave cyclic, (then so ae £°* ps (Aix Bo Kix Ys 


Proof. Let F and G be two associated maps of f and 
g respectively. Let H = (FxG)(1xTx1): (XxY) x (AxB) > X x Y. Then 
H is an associated map of f * g. 

It might be supposed that if .f: A> xX and eg: B>Y are 
eyelte then; so is.-£-V ¢: AWN Bl XV Yo) That-ithis is not’ true can 


be illustrated by the following example. 


Exampies cbetreA sa8 =PX.2 ¥ = Si .eeThenrhd 1 isycyelic. 
S 


Buty i Vere = 1] is “not-cyclic by Proposition 1.2.3, for 
st st styst 


Bev S is not an H-space. 


Lemma? l.5.5.m Ifetheamaps ~£:iA @yXdAmand? re: Base Xe are 


cyclic, then so is V(fvg): AV B > X. 


Proof. Let F and G _ be two associated maps of f and 
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Let K = G(FX1,)h: X x (AxB) > X and H = K|X x (AVB) > X. Then H 
is an associated map of V(fVg). 
The next corollary is an immediate consequence of Lemmas 1.2.2 


inyol dy Sino y 


Corollary 1.3.0. df A 4s a co-H-space, then C(A,xX) <° [A;X] 
is closed under the natural operation induced by the co-H-structure 
on A. 

We record the following definition and results which will 


be needed in the next chapter. 


Definition! 1.3.7 (13]). Let (G,m,,») . be an H-group and 
Ao vany Space. We say that a: map £: A+,G is central if c¢(1xf) = * 
where c: Gx G>G is the basic commutator map (that is, 


c = m(mxm)(1x1xpxyu)A). 


Lemma wWieoS Ci3ldn eGa)en bet Py! GxA->G and 
Py? G x A>A _ be the projections. Then f is central iff the 
commutator (p,>fP.) = Py + fp, 7 Phor fp, = * in [GxA,G]. 

(b) Any central map f: A>G _ lies in the center of 
[A,G]. 

(c) ,Leter fi Ae?-G be| central,ard 6: B >A an 
arbitrary: map .i¢Then! fo: Be Ge ispcentral, 

Let f: A>X be amap. It is evident from the preceding 
lemma that if ff is central, then (QE) 4: (Z,2A]i+ [Z,2X] - has 


image contained in the center of [Z,Q2X] for all spaces Z. 


The following lemma is due to Ganea: 
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Pemmavas 3.9, \-CL7)}).° Let xba + xi A > X x A bewa fibration. 


Then V(1Vf)L = * iff Q£ is central. 
bemmackh. o.106. Lf £ ‘ds cyelic. them “Qf is central. 


Proof. Since f is cyclic, V(1Vf) extends to a map 
Xx A> xX, so that V(lvf)L = * and the assertion follows from the 


preceding lemma. 


Remark. In certain situations, the converse of the above 


lemma is also true (see, for example, Theorem 2.3.2). 


1.4 Cyclicity of Maps and Maps of Finite Order 


In this section we make some further observations on cyclic 
maps using some results of Gottlieb [14] on homology. Following [14], 
X 
we observe that composition of maps makes X an H-space with ly 
as base point, where x is the space of free maps from X to X. 
If wu is the composition map, then we can define a multiplication 
x = : xX 

On HCC @)) aby xy = u(x Sy) for all x.y in (x 30). where 

f : ; : ; X X xe 
Q is the field of rationals. With the diagonal map Desa NES XK OK 
inducing a co-algebra structure on H, (X"3Q) it follows that 
H, (X*5Q) is a Hopf algebra [14]. We say that an element i ¢€ H_(X"3Q) 
is primitive if A,(A) = 1@A+@1. The following result is 


essentially due to Gottlieb [14]. 


Lemma, 1.4.19) »Leti "a: x > X be the evaluation map. 


X 
Suppose that H, (X) is finitely generated. Let A «€ HX :Q) be 


primitive and suppose that w,() # o. Then if the Euler characteristic 
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x(X) # 0, we have w, (A®) ¥.0 } forvallinkyei eo: 

Now suppose that f: A>X is a map satisfying cat f < 2, 
that is, we can find a map o: tor ld: Vakttriemche that pjgi Wf.  Lttis 
then easily checked that for all a in H,(A;Q), 

A, £,(a) = £ , (a) @®1l+1°® f koa In particular, this means that if 
fieissactualdy afymap tA — cil we have that f(a) is primitive. 
Such would be the situation if A were a co-H-space, for we might 


let >= \~f where yp is the co-H-structure on A. 


Theorem 1.4.2. Suppose f: A>+xX is cyclic where A is 
a co-H-space. Suppose A is a finite dimensional CW-complex and 
H,(X), 1,,(X) are finitely generated. If yx(X) #0, then ‘YF is 


an element of finite order in [ZA,zX]. 


Hroot. Since’ £ is cyclic, we can find a map g: A > X 
such that wg ~ f (see Theorem 2.2.2 in the next chapter). Now 
since A is a co-H-space, it follows that cat g< 2, and hence 
By. (2) € H, (X*3Q) is primitive for all oa in H,(A;Q). We claim 
phate f (Erp: H, (A;Q) > H, (X;Q). For if not, then we can find an 
element a€ H (As) for some n> o such that f,(a) #o. Since 
g,(a) is primitive and w,(g,(a)) = £,(0) #0, it follows from 
Lemma 1.4.1 that w, (B,¢0)%) + dw torial lo-kt- orc wAchOneing: ito 
Theorem 1 of [14], we have H,(X;Q) % @ [eta 12 @®M, as vector 
spaces over Q, where [g,(a)], is the subspace of H, (X*5Q) 
generated by: 1, g,(a), g(a)”, veeevit ther dimension:of (a. dé 
even, and generated by l, By. (a) if the dimension of a is odd, 


and M, denotes the elements of H, (X3Q) of depth zero (see [14] 
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for details and definitions). If the dimension of a is even, this 
would contradict the fact that H,.(X) is finitely generated, and if 
the dimension of a is odd, it would contradict the fact that y(X) # o. 
* wk wk 
Hencemti p= ios. By duality, we have that f = 0: H (X;Q) >H (A;Q). 
Now consider the map h = e'f: A> X > QZEX where e': X > REX is 
* * x ~wk wk 
the usual map. Then h = f e'* = o: H (Q2X;Q) > H (A;Q). According 
to [2], it now follows that h = e'f is an element of finite order 


in [A,2Z2X]. Hence its adjoint <Zf is an element of finite order 


ae Bor dee 


Corollary 1.4.3. Let A be a co-H-space which is a CW-complex 
of dimension <2n-1l, and suppose that X is (n-1)-connected. 


Suppose that H,(X) is finitely generated and x(X) #0. If 


f- A> xX% As cycelicy-then £f£ is an element of finite order in [A,X]. 


Corollary 1.4.4. Suppose that X in (n-1)—connected 
and B,C) is finitely generated and x(X) #0. If f£ is an 
element of GO we have that tf is an element of finite order 
in T ty (2%) - In particular; if -m <(2n=L,°¢sthen ‘f ‘isan element 
of finite order. 

The following result is essentially due to Gottlieb (see 
Theorem 5 of [14]). We state it here for co-H-spaces in general 


instead of for suspensions. 


Lemma 1.4.5. Suppose. X is a co-H=-space. If 


ws's H, (XQ) > H, (X3Q) is non-zero, then X is a rational homology 


*° 


n-sphere for some odd integer n. 
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Corollary 1.4.6. Let X be a co-H-space which is not a 
rational homology n-sphere, where n is odd, and let A _ be a finite 
dimensional CN-complex,. If £: A> X)ds cyclic, then <f is an 


element of finite order. 


Proof. Under the hypotheses, we have w, = 0. Hence since 
f is cyclic, we have f, = 0. The rest of the proof goes along the 
same lines as the arguments in the proof of Theorem 1.4.2. 


Similarly, we have the following result. 


Theorem 1.4.7. Let A be a finite dimensional CW-complex 
and let X be a space such that &X is not a rational homology 
Heosphere, ) odd’ “Lett: iA > X. be ammap. If “Lf is eyelic, 


EHeCHElteSOeLint cemonrdenr. 


Corollary 1.4.93) Let’ “£:-A > X be a mapiwhere X is a 
homotopy associative H-space and A is a finite dimensional CW-com- 


plex) “Lf. Li <scyelicthen | f “1s) an element of finite order. 


Proof. According to the hypotheses, it follows that 2X 
is not a rational homology n-sphere, n odd. Since 2f is cyclic, 
by Theorem 1.4.7, it follows that ‘tf is an element of finite order. 
Taking adjoints, we see that e'f is of finite order. Thus there 
exists a positive integer k such that k(e'f) = 0. But since X 
is a homotopy associative H-space, there exists an H-map 
s':QUX + X such that s'e' = 1,. Thus 0 = s'k(e'f) = ks'e'f = kf 


and hence fais or finite orden. 
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Note: The conditions that H, (X) and 1,(X) be finitely 
generated might imply that X is contractible. This would be the 


case if X were required to be a finite compact complex. 
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CHAPTER IIL 


EVALUATION SUBGROUPS OF GENERALIZED HOMOTOPY GROUPS 


2.1 Introduction 

Recall that G(A,X) consists of all homotopy classes of 
cyclic maps from A to X. Im general, it is not a group but is 
known to be a subgroup of [A,X] if A is an H-cogroup. A result 
of basic importance, that is wg (LA, ) = G(A,X), is established 
in Section 2.2. It is also shown that G(A,X) preserves products in 
the second variable. In Section 2.3, a convenient subset C(A,X) of 
[A,X] (when A is a co-H-space) is introduced and some of its 
basic properties developed. As is well known, G(A,X) is not a 
functor of X but is a contravariant functor of A from the sub- 
category of H-cogroups and co-H-maps into the category of groups and 
homomorphisms. We show in Section 2.4 that both G(X,X) and C(X,X) 
are rings if X is an H-cogroup. In the course of doing so, we 
also prove that G(A,X) is a contravariant functor of A_ from the 
full subcategory of H-cogroups and maps (not necessarily co-H-maps) 


into the category of abelian groups and homomorphisms. 


2.2 Certain Basic Properties of G(A,X) 
The purpose of this section is to record two basic results, 
an application of the first was already demonstrated in Section 1.4 


of the previous chapter. First we recall the following well known 


lemma: 
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Lemma 2.2.1 ([21]). Let X be a locally compact Hausdorff 


space, Z a Hausdorff space and Y any space. Then the function 


spaces (ie 


H: (ry > eee is given by H(g)(x,z) = g(z)(x) for each 


x 
and y* ‘ are homeomorphic and a homeomorphism 


go 2 > Y ,MemeekXo, zie Ze wFurthermoreyy fates Giff) H(£)’s= HCs): 


Theorem a. Let X be a space having the homotopy type 
of a locally finite CW-complex and A any Hausdorff space. Suppose 
Ww: x4 +X is the evaluation map where x* is the space of free maps 
from X to X with 1, as base point. Then wy (LAS) = G(A,X) 


as sets, where Wy is the induced function of w. 


Proof. Lee [¢} [A,X]. Let H be the homeomorphism given 
in Lemma 2.2.1. We claim that H(g)j = V(lVwg) where j: XVA>+XxA 


is the inclusion. Indeed, for each x eX and ae A, we have 


H(g)j(x,*) = H(g) (x,*) = g(*) (x) = 1,00) = x, V¢1vug) (x,*) = 


Vouswets)) “Fay aCe) je*¢a) (= Weg) (ta) A=ee ha) (h) Shw( gba) ) wand 


V(1Vwg) (*,a) = V(*,w(g(a))) w(g(a)). Thus H(g)j = V(lvwg), so 
that wy[g] = [wg] ¢ G(A,x). Hence wy (LAs) c G(A,X). 
Conversely, let f € G(A,X). Then there exists a map 


F: X xX A > X» guchethat fF =~VGLVE). By Lemmar2i2.135) wescarn ifind 


aviMgap irs (Ai ros such that F = H(f'). Then 


we’ Ca) = wl f'(a)) = 4 "'Ca) (*) = HCE") (*,a) = BC*4,a) = f(a). Thus 


wff!] = [wf"] = [£], so that G(A,x) wg([A,X 1). Hence 
wg([A,X°]) = G(A,X). 


Under the same hypotheses as the above theorem, if, in 


X 
addition, A is an H-cogroup, then w (TA ,X ]) = G(A,X) as groups. 
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This justifies the term evaluation subgroup. 


Remark 1. If A= gh then we have G(X) = wy(, ()) 


which is Theorem III.1 of [9]. 


Remark 2. If A= ar then we have GC ® = wy (nO) 
Menton is. Proposition 1.1 of [12]. 
Next we shall prove a product theorem which yields several 


corollaries, including another result of [12]. 


Theorem 2.2.3. Let ey be a collection of spaces 


which have the homotopy type of CW-complexes and A any space. Then 
G(A, 1X) and mG(A,X) are isomorphic as sets, where m denotes the 


topological product or set product as the case may be. 


Proof. Let .f « G(A, 1X). Then there exists a map 
Fs 7X, x A> mK) such that Fj = V(1Vf) where j is the obvious 


inclusion. For-each-—B-¢.A,” let £,3 A > X. be the map given 


bye, £..— Pef where Pai tk, = Xe, is the obvious projection. We 


B 


claim that f. € G(A,X,). To see this, let Fe = PaF(i,x1): Xo KA. Xo 


where oe Xp = mK is the inclusion. If jp denotes the inclusion 

i, = F(i,x1)j, = FACi vi) = V(lv af 

X, VA XX A, then Fojg Pe (i, dig Pp jG, ) Pp ( f) (i, ) 
= if = i V = 1V e H if G A »:« ° 
V(P,YPg) (ivf) V(paiz Ppt) Vv¢ f,) ence g € (A, a) 

We may therefore define a function 6%: G(A, 7X) ee mG(A,X ) as follows: 


forteachuc fue G(A, 7X), let O(f) = Erm where fo = Pf for 


eache a: 


Conversely, for each B €« A, let f. € G(A,X,). Then we 


can find a map Fo? X, x A > X, such that Foig = V(lvE£) where jg 
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is the obvious inclusion. Define a map f: A> 7X Byte GE aA, 
a 
We claim that f « G(A, 7X). In fact. let: oF; TX x A> 7X be the 
O 


Map piven by B(<x >,a) = <F-(x ,a)> for each -<x > ¢€ wX and aeé A. 
a he o a a 


il 


Then Fj(<x,>,*) -= SP gh X n't) > = <x > V(1VE£) (<x >, *) and 


Fj(*,a) = SE C*,a)> = <£ (a) > f(a) VCIiV£i) (*5a). Thus 

Fj = V(1Vf£) and hence f « G(A,7X ). We may therefore define a 
function ¥: mG(A,X) > G(A,™X) as follows: for each 

he € mG(A,X), let cA GS ey, = ne Moreover, it can be 
easily verified that the functions 6 and ¥ are inverse to each 
other and this establishes a one-to-one correspondence between the 
sets G(A, 7X) and mG(A,X.). The proof of the theorem is thus 
complete. | 


An immediate consequence of the above theorem is the 


following result. 


Corollary 2.2.4. Let ee oe be a collection of spaces 
which have the homotopy type of CW-complexes and A _ an H-cogroup. 


Then G(A, 7X) Vv ® G(A,X ) as groups, where © denotes the direct 


product. 


Proof. In view of the preceding theorem, it suffices to 
show that the function @ defined in the proof is a homomorphism 
ofssroups.« To .do,this,..let <f,¢¢ G(A, 7X.) and @ the given 


co-H-structure on A. Using the same symbol + for the different 


group operations, we have 
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o(f+g) = 0(V(£Vg)4) 
= <p V(£Vg) o> 

* ESMChEp, ) Geveno2 
mute) Lvnied> 

= <P ftp 87 


= 0(f) + 0(g) 


Hence © provides the indicated isomorphism. 


In particular, we have the following corollary which includes 


Theorem 2.1 of [12] as a special case. 


Corollary 2.2.5. Let xX and Y be spaces which have 
the homotopy type of CW-complexes and A an H-cogroup. Then 
G(A,XxY) v G(A,X) @ G(A,Y) as groups, where © denotes the direct 
product. 

We end this section with an observation on G(A,X). Let 
t: [ZA,X] > [A,QX] be the natural isomorphism. Then one might 


conjecture that t induces an isomorphism between G(ZA,X) and G(A,2X), 


But. this 1s not the case. To" see this, tet “A = st and X= s7, 
25.2 £ 1 2 
Then we fave S&G(ZN;X): = GCS ,S°) =o and CCAS 2X)” =} GG" {as ) 
2 
= [st ,as io Z.. 


2.3 Some Basic Properties of C(A,X) 

In this section we shall define a larger subset C(A,X) of 
[A,X] which includes G(A,X) and shall study some of its basic 
properties. As it will be seen from the next section that the 


introduction of C(A,X) will provide a new insight into G(A,X), it 
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deserves our attention here. 


Definition 2.3.1. Let A be a co-H-space (thus the 


function Q: [A,X] > [2A,QX], given by fr Qf, is injective). We 


HI 


define C(A,X) a”? [94,9] 4 where [QA, 2X] denotes the set of all 


homotopy classes of maps ff which are central. 


Theorem 2¢3.2e)«If .A is a co-H=space, then G(A,X) <¢ C(A,X), 


and G(A,2X0)= €CAGEX)eefor.all spaces X. 


Proof. We need only show that C(A,2X) ¢ G(A,2X) since by 
Lemma 1.3.10, we have G(A,X) ¢ C(A,X) for all spaces xX. We first 
consider the case where A is a suspension, say A = 2B. Thus 
suppose  fe@2Bre TXinds inet COIBSEX)om that aoeyl Mier QrB m.OrX pis 
central. By Lemma 1.3.9, we have V(lvf)L =~ * where 
L: IX b XB. > EX V XB -is the fibre of the inclusion =X v IB > YX x IB. 
Let ij: Lx eel xy Be and in: LB > 2X ViB aAbelithe obvioussdinclusions. 
Then we can form the generalized Whitehead product 
[i,,i,]: ECKAB) 2°rEX V cB. Since [i, ,i,] coclassifies <©X x YB, 
it follows that [i, 1, factors through L, that is, we can 
find a map g: 2(XAB) > =X Db XB such that Lg = (i, ,i,]. Thus 


VOLVED [i = V(lvV£)Lg = *, and hence we can find a map 


1°72! 
he 2X * EB > X ,whieh extendqg V(1V£). Thus, f ¢, GOLB 2x). In 
the general case where A is a co-H-space, let e: ZTQA >A be 
the adjoint of the identity map QA + QA. Consider the map 

fe: XMA > IX. Since Qf is central, so is Q(fe) = (Qf) (Ne) by 


Lemma 1.3.8. Since the domain of fe is a suspension, by the first 


part of the proof, it follows that fe is cyclic. Since A is a 
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co-H-space, we can find a map s: A> XA such that es ~ 1. Hence 


tes. = f° 1s ‘cyclic. 


Remark. In the case that A is a suspension, this theorem 


has been proved by Hoo in the following form. 


Corélibary, 293.34 ({[20))9 Let (\8: Be PxX° \be*tacmap. ‘Then 
the following are equivalent: 

Cah um te acyelic, 

(b) £ maps ZB into the center of NZX. 


(c) [1,y>f] =o, where [,] denotes the generalized 


Whitehead product. 


Remark. Note that condition (b) simply means that Qf 


is central. 


We shall show in the next section that C(A,X) is a sub- 
group contained in the center of [A,X] if A is a co-H-space with 


a right homotopy inverse and X is any space. 
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{ae [ZA,X]| [a,8] 


W(2A,X) 
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Oo} foxlt@ll “8 ef ASX) Yaad 


P(ZA,X) = foe[ZA,X]|[a,8] 


forravt % 2al 


Here [a,8], as usual, denotes the generalized Whitehead product of 


Oy ehaval lehe 


Clearly W(ZA,X) ¢ P(ZA,X). It is shown in (34) sehat 


P(ZA,X) is a subgroup of [ZA,X]. We now relate C(ZA,X) and 
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W(ZA,X) for any spaces A and X. 


Proposition 2.355..\ Let A; Band =X» be spaces. If 


Picea) esthen [fo] * 6 for all -¢ .< [iB x1. 


Proof. Let q: AxB-+AAB_ be the quotient map, and 


let P,? A x B > A, Po: A x B-+>B_ be the usual projections. Then 


according to [1], we have 


[f,g]%q = ftp, + stp, - flip, - stp, - 


Taking adjoints, we obtain the equation 
= ' ' - ' = ' 
t(L£,g])q = (2f)e Pp, + (Ngde,p, - (Rf)e Pp, - (Ng)esp, 


where e;: A > OcA. en: B > Q2YB are the adjoints of the obvious 
identity maps. Since ff is central, it follows that 
t([f,g])q = 0. Now q is a monomorphism, and tT, the operation 


of taking adjoints, is an isomorphism. Hence [f,g] = o. 
Corollary 2.3.6. For all spaces A and X, we have 


C(UlAk) ce COLA, = WOAGR) CIPO ALR) < [oar] 


Theorem 2.3.7. For all spaces A and X, we have 
G(ZA,ZX) = C(ZA,2X) = W(ZA,2X) 


Proof. We need only show that W(ZA,2X) ¢ G(ZA,zX). Let 


f ¢€ W(ZA,ZX). Then [f£,1,.] =o by Definition 2.3.4, so that 


[1 f] = 0. According to Corollary 2.3.3, f € G(ZA,ZX). 
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Theorem 2.3.8. For any space X, we have 


Glee U x) = C(EX SEK) = WOEKEX) = P(2X, 2X) , 
(see the example following Theorem 2.4.7). 
Proof. It is obvious that W(2X,2X) = P(rLX,2X). 


As an application of Proposition 2.3.5, we have the 


following result. 


Proposition 2.3.9. Let G be a topological group and 
H a closed subgroup. Let p: G~> G/H be the natural map onto 
the space of left cosets. If A is such that Py: [ZA,G] > [ZA,G/H] 
isconte. then torsall oo in  f2A.G/Hh and al) «8. in4 [ZBsG/H ] 


where B is any space, we have [a,f] = o. 


Proof. « Sance Py is onto, we can find a map y: YA>G 
such that py = a. Then a is cyclic, and the assertion follows 


from Proposition 2.3.5. 
Remark. The above proposition says that 


W(ZA,G/H) = [ZA,G/H] 


2.4 G(X,X) and C(X,X) as Rings 


We have now come to the central part of the chapter. Our 
main object here is to show that both G(X,X) Sand’ C(X,X):. are 
rings if X is an H-cogroup. In the course of achieving our aim, 
we show that for a fixed space X both G(-,X) and C(-,X) turn 


out to be contravariant functors from the full subcategory of 
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H-cogroups and maps (not necessarily co-H-maps) into the category of 


abelian groups and homomorphisms. 


We shall first prove the following theorem. 


Theorem 2.4.1. Let A be a co-H-space with a right 
homotopy inverse v, and let X be a space. Then C(A;X) and 
[QA, LX] 40 are subgroups contained in the centers of [A,X] and 
[QA,2X]) respectively, and 2: C(A,X) > [2A OX] ., isan 
isomorphism of abelian groups. 

To show this, we have to appeal to a result of Hoo [19]. 
Consider a co-H-space A with co-H-structure $¢: A>+AV A. Applying 
the coHopf construction to 94, we obtain a map H(¢): RA > Q(ADA). 
Let f,g: A>X be maps. Let L: AbDA~*+AVA be the fibre of 


Av A+Ax A. Then we can form Q{V(£Vg)LIH(o): QA > 2X. 


Lemma 2.4.2 ([{19]). Let A be a co-H-space with 
co-H-structure $¢: A> AVA. Let f,g: A+>X be maps. Then 


Q(f+g) = A{V(fvg) LIH(>) + QF + Qg. 


Proof of Theorem. According to Lemma 1.3.9, if f or 
h is in C(A,X) then V(fVh)L = * and hence Q(fth) = Qf + Qh. 
Let 2£f,Q¢g Ee [QA, 2X] Qo. Then Q(ft+g) = Qf + Ng. By parts (b) and 
(c) of Lemma 1.3.8, both (Qf) Pp, and (Qg)P., lie in the center of 
[QXxQA,QX], so that (p, > (2t+0g) P5) = (Pp, (Lf) P, + (2g)P,) = 0. 
According to part (a) of Lemma 1.3.8, £ + Ng is central. Let 
ur: 2X > QX be the loop inverse. We shall show that -Qf = pt 
is central. In fact, since o = Q(f+fv) = Of + OCEV), 


-2£ = (Q£)(Qv) is central. Thus [A,X], is a subgroup of 
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[QA,°X]. That it is contained in the center is clear. To see that 
C(A,X) is contained in the center of [A,X], let h e« [A,X]. Then 
QF + Oh = Oh + OF since Lf € [2A, 2X] ,o- Thus Q(f+h) = Q(h+f) 

and hence fti =hti since 2: [A,X] = [RA,OX] is injective. 

Hence C(A,X) and [9A , 2X] 9 are subgroups contained in the centers 
Por PA,X] and [MA,GX] ‘respectively, and @: €(A,X) > [2A,2X] ,. is 
an isomorphism of abelian groups. This completes the proof of the 


theorem. 


Remark. It follows that if A is a co-H-space with a 
right homotopy inverse, then for every space X, G(A,X) ¢ C(A,X) ¢ 
center of [A,X] as subgroups. This generalizes Gottlieb's result 


[9] that G(X) lies in the center of 7, (X). 


We shall now proceed to establish the right distributive 
law. Suppose that f: A+B is a map from a homotopy associative 
co-H-space A to a co-H-space B. Then we can find a co-H-map 
s: A> ZQA such that es ~ 1 where e: 224A >A is the usual map. 
Let 88>? B-> Y be maps where Y is any space. We can form 
(g,+8,)£: A->yY. In general (g,t+g,)£ 7 g,f + Bf. A suitable 
distributive law would compensate for this by providing a correction 
term. For our purposes, the correction term would have to be 
such that it vanishes in case g, or 8, is in ¢(8,Y) 

Consider the map ¢f: A>BVB where ¢ is the 
co-H-structure on B. Applying the co-Hopf construction to this 
map, we obtain a map H(¢f): NA > Q(BOB). Taking adjoint, we 


obtain inet): IGA.> BoB. Let LL: BD'B.> BY B “be the 
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fibre of BVB-+>B xB. Then we can form ik @ad hens A>+BVB., 


The suitable distributive law may now be stated. 


Lemma 2.4.3 ([{19]). Let f: A+B be a map from a 
homotopy associative co-H-space A to a co-H-space B, and let 
s: A > 224..be.a.co-H-map such that es = 1: A> A. Let 
@$; B> BV B be the co-H-structure on B. Let 8) 85? BY be 


maps, where Y is any space. Then 
me -1 
(eee ayi(e,Ve,)Lt {H(¢f) Is + gf + 2,f 


Theorem 2.4.4. Let f: A> B be a map from a homotopy 
associative co-H-space A to a co-H-space B. Let 81285? BY 
be maps such that either 8, OF B isin JCQB,Y),. where Y is 


any space. Then (g,+8,)£ = g,f st Bf. 


Proof. According to Lemma 1.3.9, V(g,%85)L = * and 
hence the relation in Lemma 2.4.3 reduces to (g,+8,)f = gif =r Bof 


as asserted. 


Remark. If f is a co-H-map, then the above theorem is 


iererhvateyl « 


Theorem 2.4.4 yields the following corollaries. 


Corollary 2.4.5. Let £: A>B be a map from a homotopy 
associative co-H-space A to aco-H-space B. Then 
ef, CCB SX)! oC CAG) cand Ae G(B,X) > G(A,X) are homomorphisms 


for any space X. 
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Proof. The first part follows directly from Theorem 2.4.4. 


Restriction to G(B,X) gives the other result. 


Corailary 2.4.6. Lf ££: 2A +B isv’a’map where B is a 
co-H-space, then e* C(B,.X) >>C(ZA,xX)~ and e G(B,X) > G(ZA,X) 


are homomorphisms for any space X. 


Example 1. Let f: ZA +> XB be any map. Then 
gf, CGlB.X)-> CGA,X) and rule G(2XB,X) > G(ZA,X) are group 


homomorphisms forany space X. 


Example 2." Let’ £: Seer abe any map. Then 


# 


ff, c(S-.X) > C(S",X) and. f’: G(X) > G(X) are group 


homomorphisms for any space X. 


In view of Theorems 2.4.1 and 2.4.4, we conclude that 
both G(-,X) and C(-,X) are contravariant functors from the 
full subcategory of H-cogroups and maps into the category of 


abelian groups and homomorphisns. 


Remark. Without Theorems 2.4.1 and 2.4.4 the above 
observation would be by no means trivial although it is evident 
from the remark following Theorem 2.4.4 that G(-,X) is a 
Bont ravut laneuaancua from the subcategory of H-cogroups and 


co-H-maps into the category of groups and homomorphisms. 


The following theorem is now clear. 


Theorem 2.4.7. For any H-cogroup X, G(X,X) and 


C(X,X) are rings. 


aa ae “~ : } 7 —ve bas. 
pe a iY a iy 


ge i | me | 
1 ne : a tie os 


a 


6.89 mexosit Wort -ylI2d3th ewoliody iota: al 
jive xetiio sat aevay (A ne 


Zs ei € Sparta Tan & et & 4 AS ie et: ; i 
; ‘ = “iy 
(KARO + (Kl)O My ban tie hero + cat % sail 


>t 


p> 96H yas Aisa 


noaf, .qem/¥ne od E24 AdSIs 131 4 shaman : He i Sle 
oe ee | 7 as 
qioxrs S7Th {X, AS )2 be ? Gyo > hose: MR ASI» tet ihe : 4 > 


-%  saage neti 2s 


net? - -cagtyan Sd 12 Ba: a: oy “i 

canes O38 (K) 9 % AX), 4 ac ad 2 | cs 

ate pagans 202 Bate slg 

36013 apa 2 ow ARS bag 1.0.8) gausuosdit- 4 Wily al | a ar 
‘edd mot exon strains oe ae. be Qe 4 

. agoocl ae eh . REI 78 : | a 


. . / ted 2 
evads) of7 AS. hoe 1.0.3 ehorosdt tyoraty .ayames | | te | 


to yrogsies, sA3, oFbL we bm: aque: 


2 


Javb tye aa ik fguodste isivis3 a on xd od bisow mp 

8 te (x, =), cae &.h,S- eezogsT aitiintton orang eid wort 

bis 2quargo to. ne ois mort osm? ingtrayet aos 

: _ Salty onomoss bas 3 Bguoxy to bas ler ids ongh “a Oe " 


: .1n8f>0 won al mexgada arttystio? a 
ae rayne are ie b | ‘ae oe | | mt 
z bre (4.X)0 NX qvosgos-H yn. a09)' fing ; 


Example. For any space X, 


G(EX,EX) = C(LXjEX)) = WCEX}IX) = P(EX,EX) 


as rings (see Theorem 2.3.8). 
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CHAPTER III 


COCYCLIC MAPS 


3.1 Introduction 

The results contained in the present chapter can be regarded 
as dual to those of, Chapter 1. . As in Section 1.2 of Chapter I, 
Section 3.2 of this chapter deals with the definition and the existence 
of cocyclic maps. In Section 3.3, we show that cocyclicity of maps 
is closed under the wedge product. The dual notion of centrality 


of maps is also considered and some of its basic properties derived. 


3.2 Definition and Existence of Cocyclic Maps 
In this section, we dualize the notion of cyclicity of maps. 
This dual notion was first defined and studied in considerable detail 


in [31]. We now recall the definition. 


Definition 3.2.) “C[3L)). Aomap ff X =A” is said to be 
cocyclic if we can find a map $9: X > X V A such that the following 


diagram is homotopy commutative: that is jo = (1xf)A. We call 


such a map @$ a coassociated 


X xA 
ja are ey! Wa) tofea LT hi t 
(1x£) A ; map oO e set of a omotopy 
classes of cocyclic maps from 
é ee X to A is denoted by DG(X,A). 


Remark 1. In general, DG(X,A) is only a set, but it 
turns out to be an abelian group if A is an H-group (see the 


next chapter). 
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Remark 2. If A = K(m,n), an Eilenberg-MacLane complex 
of type (m,n), then DG(X,A) reduces to 6" (X37) ({15]) which 


is called the Aieg: coevaluation subgroup of X (with respect to 7m). 


Lemma 3.2.2 ([31]). If £: X > A is a cocyclic map and 
8: A>B is an arbitrary map, then the map of: X > B_ is cocyclic. 
The existence of cocyclic maps is easily seen from the 


next proposition. 


Proposition 3.2.3. Let X be a space. Then the following 


are equivalent: 
(a) X is a co-H-space. 
(b) 1, is cocyclic. 
(c) DG(X,A) = [X,A] for any space A. 


Broof... The proof is exactly dual_to that of,Proposition 1.2.3. 


Corollary 3.2.4 (({31]). If X is a co-H-space, then any 


map {£3 .% 7 A, Ls cocyclic. 
Dual to cyclic maps, we can obtain cocyclic maps from 


cofibrations. Suppose that — Y as G is “a cofibration..<: Then 


it gives rise to a Puppe sequence: 


E q 3 Lf 


eee reer pee ae emer oY Doe a tah 


We have a cooperation ¢: C*+C Vv ZX such that jo = (1x90)A. Thus 
0 is cocyclic and hence 3 (fex,A]) < DG(C,A) for all spaces A. 


As an application of this fact, we have the following 


result. 
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Theorem 3.2.5. Let QA _Evey aCe DOmanCOLiDration. olf 


DG(C,A) = 0, then there exists a map pe: Y > 2A. such that 


o, we have 3" ([Z04,A]) = 0, so 


Proof. Since DG(C,A) 
that (re)# is onto. Thus for e: L9A > A, we can find a map 
oe: TY > A *8uchCEhat (rt) *[¢] =‘fe] yw that "is “g(Zf) =e. Taking 


djoi = : 
adjoints, we get t(g)f lon 


3.3 Some Basic Properties of Cocyclic Maps 

Let f£: X + A be a cocyclic map. : Then if the map 
h: Y >X has a left homotopy inverse, fh: Y > A is also cocyclic. 
We have also seen that Of: X > Bo lsweocyclice for any cmap 


Qe YN se jah 


Example. Let. A .be,an,H-space and f: X >A. a map. 


Then £ is cocyclic iff e'f: X > QZA is cecyclic where e': A> NIA 


is the usual map. 
The following lemma shows that cocyclicity of maps is 


closed under the wedge product. 
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Then A is a coassociated map of fvVg. 


Definition 3.3.2. Let (G,¢,v) be a H-cogroup and A 
any space. We say that a map f: G>A is cocentral if 
(lvVf)c = * where c:G+GvG is the basic cocommutator map 
(that is, c = V(1V1VvVv) (ov) 6). 

The following lemmas are immediate consequences of the 


definition. 


Lemma’3.3.5.. If "£2: Ge "A isa*cocentral “map “and 


CsA B LS an arbitrary map. then the map @£: 1G > B dis cocentral. 


Proof. Since f is cocentral, we have (lVf)c = *. Thus 


(lvéf)c = (1V6)(1V£)c = * and hence O6f is cocentral. 


Lemma 3.3.4. Let ij: G>GvVA_and i,:;A* GVA be 


inclusions. Then f « [G,A] is cocentral iff (i, .i,f) =o € [G,GVA]. 


Proof. Let jj, 2d: G>GvVG be the obvious inclusions. 


Then 


(1lVfye = (vf) {ot(wv) oh 


(1v£)@ + (weEv) > 


(1v£) (4,455) + (EY) Gi ty) 


f) 


(i, +i, f) 51 (-i,-i, 


= (i, .1,f) 


Hence the assertion follows. 


Lemma 3.3.5. Any cocentral map f: G +A _ lies in the 


center of [G,A]. 
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FrOOL.] We ftiret note that (1VE)e = * “Lff 
CIVE)¢@ ="TCEV1)6 where T is the switching map.” Let’ g € [G,A]. 


Then 


V(£V¥g) ¢ = V(1vg) (fv1)¢ 


V(gv1)T(f£v1)¢ 


V(gvl) (1v£) > 


V(gv£) 9. 
Thus f+g = gtf for all ge [G,A] and the assertion follows. 


Lemma 3.3.50. ({(7)). Let £: X = A, bea map.. Then if 
is cocentral iff e'q(1xf)A =~ * where e': XA A> QE(XAA) is 


the usual map and q: X x A> XA A _ is the quotient map. 


Corollary ee if (fs x AS is ya cocyelic map, then 


the map 2f is cocentral. 


Proof. This follows from the above lemma and the existence 
of a map $¢: X +X A_ such that jd = (1xf)A . In fact, we have 


e'q(1xf)A = e'qj¢ = * from the following homotopy commutative diagram. 


1 
tA ey AK OE CANAD 


(1xf)A 
© 
RBar V vA 
$ 
We conclude this chapter with a remark. While we were 


able to investigate the relationship between cyclicity of maps and 


maps of finite order in Section 1.4 of Chapter I, we do not know 
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whether those results can be dualized. The main obstacle for 
obtaining the dual results is our lack of knowledge about the 


dual of G(A,X) = wy (LA, 1) and those of the results of 


Gottlieb on homology ([14]). 
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CHAPTER IV 


COEVALUATION SUBGROUPS 


4.1 Introduction 

Basically the results contained in this chapter are dual 
to those of Chapter II. However, the proofs of some of these 
results, for instance that of Theorem 4.2.1, are quite different 
from those of Chpater II. Furthermore, there still remain many 
open questions (see the remarks after Definitions 4.2.6 and 4.2.9) 
in the dual case. In Section 4.2, we show that DG(X,A) is a 
subgroup (in fact, abelian) of [X,A] when A is an H-group, 
thus settling a problem of Varadarajan [31]. We also dualize a 
result of Chapter II. Using the notion and properties of cocentrality 
introduced and developed in Chapter III, we show in Section 4.3 that 
DC(X,A) and DG(X,A) are covariant functors of A from the full 
subcategory of H-groups and maps into the category of abelian groups 
and homomorphisms. From this we deduce that both DC(X,X) and 


DG(X,X) are rings for any H-group X. 


4.2 Some Basic Properties of DG(X,A) and _ DC(X,A) 

In this section, we shall derive some basic properties of 
DG(X,A) and DC(X,A) which are the duals of G(A,X) and C(A,X) 
respectively. Some other properties will also be discussed in the 
next section. Among other things, we settle a problem of 
Varadarajan [31] by showing that DG(X,A) is a subgroup of [X,A] 


when A is an H-group. Thus we can naturally call DG(X,A) the 


oe ty ae 


Beg Io oma Ro wt60% Bia oa ig ube > Yo sagt) 
jngver Ith a3 lup ribs go ey wader 2a. janis: hang ‘ot tt 7 
eaves Bares eer oxola oromad ie ht sone Ae ee 
bene «bh bite f , a enolate roti via eh) ‘08 en “up mm 
y ak (acxyoa jet worl ey ry. “ biabnaicat i Shs th 
 awomg-H ns ak a Hedi eas hee | (vedtoes F388 ED 
5 oStienb oely ow be) soir te iw Bee ' 


v 


Wiiigutassa ao eotazageng bap. nokson. ana 


pend €; s IghtOb?: nt ‘woe aw can acelin ee) 


[um oy eon A 30 area lena vil ee Aakiea 
Me aunty tm bots nei yds ‘iy “vbouaaes! pte . 2 | 


f 
ine 2: 


brs Oh x300- ican ands soubob! tava e 


th 


16 siete a. a! “wagon “ae Lgomee ue) ween ‘i 


ag 


41 


coevaluation subgroup of X with respect to A when it is a 


subgroup. 


Theorem 4.2.1. If A is an H-group, then DG(X,A) is a 
subgroup (in fact, it is abelian, see Theorem 4.3.2) of [X,A] for 


any space X. 


Proof. Let m and wu be the H-structure and the inverse 
on A_ respectively. Then the inverse of f in the group [X,A] 
is the homotopy class of uf: X > A. According to Lemma 3.2.2, 
uf € DG(X,A) if £ € DG(X,A). Hence DG(X,A) is closed under 
inversion. To see that it is closed under the operation + 


in [X,A], let f£,g € DG(X,A). Then we can find maps 


R 


ons) & ok VA “seach that jo-~ (1x£)A and 3¥v (lxg)A. Let 


i: (XVA) V A>X V (AXA) and i': (XxA) V A> X x (AxA) be the 
obvious inclusions. Then we have the following homotopy 


commutative diagram: 


(XVA) VA —— XV(AXA) ——> XVA 
i 1Vm 
ovl ivy jy © j 
© 
(XxA) VA ——> Xx(AXA) ——~> X XA 
(1x£) Av1 noe 1xm 
oul © ji, © 


xX —m— XxA 


(1xg)A (1x£) Ax1 


x Vv A 


1Xxm 


(XxA) xA 


Here all vertical arrows are inclusions. Let A = (1Vm)i( v1) v. 


Then we have 
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irs 


jd = (1xm) {(1x£)Ax1}{ (1xg) A} 


(1xm) { (1x£)Axg}A 


{1xm(£xg)A}A 


{1x(f+g)}A . 


Thus f+g € DG(X,A), so that DG(X,A) is closed under +. Hence 
DG(X,A) is a subgroup of [X,A]. 
Our next result is not quite as trivial as it might 


first appear. 


Proposition 4.2.2. Let X and Y be spaces having the 
homotopy type of CW-complexes and A any Space. Then the sets 
DG(XVY,A) and DG(X,A) x DG(Y,A) are isomorphic where x denotes 


the cartesian product. 


Proof. Let f € DG(XVY,A). Then we can find a map 
y: X V Y > (XVY) V A such that jy ~ (1xf)A where 
4: oCXVY AG (CXME) <SAS dis (the inclustoneand! eA: Xiuv Y's CXVY) exe(XVY) 


is the diagonal map. Let fy = fil: X > A and f, = fi,: yA 


where ij: Xa EX GV VY = and i,: Y-> XV Y are inclusions. We claim 


that tigate DCCX PA) Kvand) .f£., 46 DGGYyA)uf To seemthis 3. let 


1 
a= P1371; and Bp = P53¥1, where P43! (XV¥)) oA OK x A aie 


2 


the projection onto the first and the third coordinates and 
P53: (XVY) x A> Y x A is the projection onto the second and the 
third coordinates. Clearly oa and 8 are maps into X VA _ and 


Y V A respectively. Consider the following homotopy commutative 


diagram: 
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xX 


‘| 
Ni Pi3 
X VY —— (XVY)VA —— XvVA 


(XVY) x(XVY) —— (XVY)xA —— XxA 
1xf P43 


Here jy is the obvious inclusion. Note that we also write Pi3 

for P13 | (XvY) v A. Let A': X +X x X be the diagonal map. 
'os i '= i i = 

Then we have (1x£,)A (1xfi,)A P13 (i, xfi,)A 


(1xf) Ai, 2 = j 1%: Hence f, € DG(X,A). Similarly, we 


P43 J4P13Y7] 1 


can show that f, € DG(Y,A). We may therefore define a function 


@: DG(XVY,A) > DG(X,A) x DG(Y,A) as follows: for each 


f € DG(XVY,A), let o(f) = (f£, £5) where f, =f eae tee 2. 


ck fy: 

Conversely, let f) € DG(X,A) and f, € DG(Y,A) be given. 
Then we can find maps Ok > ka Ve A eed wie yo > Y VA osuch (that 
jo 2 (1xf,)A' and j,8 = (1x£,)A" where j's and A's are the 
obvious inclusions and diagonal maps respectively. Let 
f = V(f£, vf): X vV Y > A. Then Lemma 3.3.1 could be applied to 
show that f e€ DG(XVY,A). As the proof of Lemma 3.3.1 was only 
sketched, we would rather provide a direct proof of f € DG(XVY,A) 


here. To do this, consider the following homotopy commutative 


diagram: 


ed 
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AxT HE Aipeay 


Vx (AAX) <— (WaV)x (AAX) = <——— __ (Wx A) A (¥xX) 


a 0) eG ©) 
VA (KAX) <—— (VAV)A(AAX) <———— 
AAT TALATL 


(¢ 


gal g)xT 


TXLxT 
@ @) 
(eT) TXT) 
(Ax A) A (XxX) 
Co Ee © nVAyV 
(VAA) A (VAX) kA x 


(KAX) x (AX) 
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Let y = (1VV)(1VTV1)(ov8): X V Y > (XVY) V A. Then 


R 


i, (1xvV) {1 x (£,V£,)}4 


{1x V(£,VE,) }A 


(1xf)A . 
Hence f € DG(XVY,A). We may therefore define a function 
Y : DG(X,A) x DG(Y,A) > DG(XVY,A) 


as follows: for ft) € DG(X,A) and f, € DECY, A), “let 


¥(£ £5) = V(f,vf,)- Finally, it can be easily verified that 6 

and ¥ are inverse to each other andhence they provide the 

indicated isomorphism. This completes the proof of the proposition. 
We are now in a position to establish the following 


theorem. 


Theorem 4.2.3. Let X and Y_ be spaces having the 
homotopy type of CW-complexes and A an H-group. Then 
DG(XVY,A) % DG(X,A) © DG(Y,A) as groups, where ® denotes 


the direct product. 


Proof. In view of Theorem 4.2.1 and the preceding 
proposition, it suffices to show that the function ¢® defined in 
the proof of the latter is a homomorphism of groups. To do this, 


let £,g € DG(XVY,A) and m the given H-structure on A. Then 


we have 
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PXEL Tel psetn teas) 


(fi, ,fi,) + (gi, si.) 


i] 


o(f) + 0(g) 


Hence © is a homomorphism of groups. 


When 


following result 


A= K(17,n), the above theorem reduces to the 


of Haslam. 


Corollary. 4.2.4 ,.({151). 


for all integers 


G’(xvY;7) = G"(X;m) © G'(Y3m) 


n > o and abelian groups fT. 


Example 1. Let T be the torus. Then 


DG(s*vs?,T) v DG(S~,T) x DG(S*, 7) 


ox CZ @ 2)" =1 2-672 


Example 2. Let X be the figure eight space. Then 


and 


Pil 
pe(x,s) ~ pg(s*,s*) @ pG(s’,s*) =ZeZ, 


1 1 
pe(x,ast) = 7, (98) ® 1,(98°) = 0. 
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Let {x} be a collection of spaces having the homotopy 
type of CW-complexes. Let VR be the subspace of the product 


space mK) defined as follows: 


VX = {<x > | all coordinates xX,» except possibly 


one, are base points}. 


Then the preceding theorem (resp. proposition) can be 


extended to the following proposition. 
Proposition 4.2.5. 
DG(VX,A) ¥ @ DG(X ,A) 


aS group (resp. as sets), where © denotes the direct product 
(resp. the cartesian product). 
We shall now introduce the subset DC(X,A) of [X,A] which 
is the dual of C(A,X). If A is an H-space, then the function 
E: [KX,A] > [EX,ZA], ‘given by fe Lf, is injective. ,Let 
[2X, 2A]. denote the subset of [ZX,ZA] consisting of those 


homotopy classes of maps 2%f which are cocentral. 


Definition 4.2.6. Let A be an H-space. We define 


DCCXLA) = mained Ue : 


Remark. Clearly DG(X,A) ¢ DC(X,A) if A is an H-space. 
The appearance of the factor e' in Lemma 3.3.6 changes some dual 


results. In particular, it is not known to us whether Theorem 2.3.2 


dualizes. However, the distributive laws and Proposition 2.3.5 
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48 
dualize without any change. 


Proposition 4.2.7. Let A, B and X be spaces. If 
beewOC(,CA) then [f,¢]" =o form abl, ¢ 2 JX .0R] where, [ ]' 
is the dual of the generalized Whitehead product. 


To show this, we need a lemma. 


Lemma 4.2.8. Let i: AbBw+AVB be the inclusion of 
the flat product into the wedge product of A and B. If xX 


is a co-H-space, then iy: [X,ADB] + [X,AVB] is a monomorphism. 


Proof of Proposition. Let ij: Aya Bo and 


i,: B-+AVB be the usual inclusions. According to [1], we have 


. 1 = . * a . “ e 
(2i) [f£,g] (Qi, )£ + (Minds - (Ni,)£ - (Mi,)g 
, =~]. ; 
Taking Tt , we obtain 


iv *([£,g]') = 4,fe,(2£)} + i,fe,(ag)} - i,fe,(ze)) 


* i,te,(Zg)} : 


where e,: YQA > A and en: X2B > B- are the uSual maps. Since 
Lf is cocentral, so is ijfe,(2£)} by Lemma 3.3.3. According to 


Lemma 3.3.5, we have en eee eS =o. Hence [f,g]' =o as 


; ot ee : ’ 
is mono and tT is an isomorphism. 


vt 
Example. Let X be aco-H-space, A and B= any spaces. 
Then [f£,g]' = 0 for all f € [K,2A] and ge [X,£B]. 
Dual to Definition 2.4.3, we have the following 


definition. 
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Definition 4.2.9. 


DW(X,%A) = fa ¢ [X,2A] | [a,8]' 


6) aeehe Eulil 


BreetX. Ob) rand forall B}.. 


DP(X,2A) = {a € [X,2A] | [a,8]" = 0 for all 


Be [x,2%A] and (forall 2 > 1) 
Remarks. Clearly we have the following inclusions 
DG(X,2A) ¢ DC(X,2A) ¢ DW(X,2A) ¢ DP(X,LA) ¢ [X,LA]. 


It will be interesting to have examples which show that some of the 
inclusions are proper. It is also not known whether DP(X,2A) 
is a subgroup of [X,2A] or DG(2QX,2X) = DC(LX,LX) = DW(QX,LX) = 


DP(QX,2X) for any space X. 


4.3 DC(X,X) and DG(X,X) as Rings 


We first show that DC(X,A) and DG(X,A) are covariant 
functors of A from the full subcategory of H-groups and maps 
into the category of abelian groups and homomorphisms. The fact 
that DC(X,X) and DG(X,X) are rings will then follow immediately. 


We begin with a lemma. 


Lemma 4.3.1 ([{19]). Let A be an H-space with 
H-structure m, and let X be va space. Let. £,¢: X > A be 
maps. Then 2(ftg) = J(m)Z{q(f£xg)A} + Xf + Xg where 
J(m): Z(AAA) + ZA is the Hopf construction on m and 


q: Ax A*+AAA is the quotient map. 
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Theorem 4.3.2. Let A be an H-space with a right homotopy 
inverse uw, and let X be aspace. Then DC(X,A) and [2X, 2A] ,. 
are subgroups contained in the centers of [X,A] and _ [ZX,£ZA] 
respectively, and 2: DC(X,A) > [2X,2A].,, is an isomorphism of 
abelian groups. In particular, DG(X,A) is contained in the 


center of [X,A]. 


Proot. (We first show ¢hat bt ite) =e + to  1f ef. or 
g is in DC(X,A). To do this, consider the map J(m)Z{q(fxg)A}. 


Taking adjoint, we obtain 
tT(J(m)) {q(£xg)A} = Q2(J(m))e'q(fxg)A = * . 


Thus J(m)Z{q(fxg)A} =~ * and hence Y(ftg) = Lf + 2g. With the 
aid of Lemma 3.3.4, it can be easily verified that If +%g is 
cocentral for all f,g e« DC(X,A). 

Next, we claim that -Zf is cocentral if f € DC(X,A). 


im fact, 
o = LCE) S| 2EPo (us) 


implies that -Zf = (Zy)(Zf) which is cocentral by Lemma 3.3.3. 
Hence [2X,2A] 5 is a subgroup of [2X,ZA]. That [2X,ZA] |; lies 
in the center of [2ZX,ZA] follows from Lemma 3.3.5. The facts that 
E(fte) = esters dt) -f Soruses tg in “DC(X,A)" “and that)’ 2 is 

an injection also imply that DC(X,A) lies in the center of [X,A]. 
Consequently, DC(X,A) and [2X,2A] |. are subgroups contained in 


the centers of [X,A] and [2X,2A] respectively, and 
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is an isomorphism of abelian groups. The proof of the theorem is 
thus complete. 

Let f: X + A be a map where X is an H-space with 
H-structure m, and A is a homotopy associative H-space. Then 
we can find a retraction y: 2ZA >A which is an H-map. Suppose 
81>8:¥ > X are maps where Y is any space. Then we can form 
f(g, ts,): Y> A. Let J(fm): 2(XAX) > LA _ be the Hopf construction 


on fm. Then we have the following lemma. 
Lemma 4.5.5. €1191).. 
£(g,tg,) = yttJ(fm) }a(g,e,)4 + fe, + fe, 


where t is ‘the adjoint functor and <q: xX x % > XA X dis the 


quotient map. 


Proposition 4.3.4. If £3; X > A is a map-from -an 


H-space into a homotopy associative H-space A, then 


fy: DC(Y ,X) > DCC(Y,A) 
and 


£,: DG(Y,X) > DG(Y,A) 


#° 


are homomorphisms for any space Y. 


Proof. It suffices to show that f(g, +8.) = fg, ~ fg. 
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yt{J(£m) }a(g, xg,)A * ya(I (£m) )e'a(g, xg,)A > 


and hence the assertion follows from Lemma 3.3.6 and the preceding 
lemma. 
Combining Theorem 4.3.2 with Proposition 4.3.4, we have 


the next result. 
Theorem 4.3.5. Lf £:X-> A is a map of H-groups, then 


f,: DC(Y,X) > DC(Y;A) 


i? 


and 


fys DG(Y,%) > DEY ,A) 


#° 
are homomorphisms of abelian groups for any space Y. 

In view of the above theorem, we see that for any space 
Y, DC(Y,-) and DG(Y,-) are covariant functors from the full 


subcategory of H-groups and maps into the category of abelian groups 


and homomorphisms. 
Example... .0f fs K@i5n) ~.KGi,e) is a map, then 


f GY: 7) > G*(Y:7) 


f° 


is a group homomorphism for any space Y. 


We are now in a position to state our main theorem. 


Theorem 4.3.6. For any H-group X, DOCK &)) and 


DG(X,X) are rings. 
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Example 1. For any space X, DC(QX, OX) — and 


DG(2X,LX) are rings. 


Example 2. For any Eilenberg-MacLane complex K = K(1,n), 


DC(K,K) and DG(K,K) are rings. 
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APPENDIX 


5.1 Introduction 

In this appendix we shall provide the reader with some 
discussion and examples for some of the terninology used and results 
established. Most of these examples were not mentioned explicitly in 


the previous chapters. 


5.2 H-groups 


All topological groups are H-groups, since the definition 
of a topological group is stronger than that of an H-group in the 


sense that the homotopy relation is replaced by equality. 


Example 5.2.1. The loop space {X is an H-group for each 


space X. In fact, for hy sho e 2X and t ¢« I , we may define two 


maps m: 2X xX NX > NX and uu: LK > LX by 


paper): O<t<F 
m(%, »%,) (t) = | ; 
2, (2t-1), Lf ae ree Be 


and u(2)(t) = &£(1-t) . Then (X,m,y) becomes an H-group. 


5.3 H-spaces 


All H-groups are H-spaces, since an H-group is an H-space 


which satisfies some additional conditions (see P4). 
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Example 5.3.1. st | 53 and s/ are H-spaces. If we 


it ip 
regard S , 53 and S_ as the sets of complex numbers, quaternions 
and Cayley numbers respectively of norm one, then they become H-spaces 
with the map m given respectively by the complex multiplication, the 


quaternion multiplication and the Cayley multiplication. In fact, er 


and 53 are topological groups (st is commutative). 


Example 5.3.2. Let x be the space of free maps from X 


into X with the compact-open topology. Let 1, be the base point 


of x at) ae ims x* x x > xs be the composition of maps in x 
Then OC is an H-space. In fact, m(f,1,) = fol, =f and 


m(1,58) = 1,°8 =e for all f£y¢\'< e . However, x" in) need not 


be an H-group. For example, let X= 5? » since 5? is not contractible, 


2 2 
the constant map *: S > S&S is not homotopic to the identity map of 


5? ae beta n &s 5? 2 5? be any map and f = *: 5? = 5? . Then 
m(f,g) = fog = * #1 2° This implies that f has no homotopy inverse 


S 
32 


2 : 
with respect to m. Hence (S »m) is not an H-group. 


5.4 H-cogroups and co-H-spaces 

Example 5.4.1. 5? is an H-cogroup. To see this, let 4 
be the map of 5? onto 5? Vv 5? given by collapsing the equator of 
5? into the base point of 5? Vv 5? and sending the northern 
hemisphere and the southern hemisphere of 5? onto the first copy 
and the second copy of 5? Vv 5? respectively. Let v: 5? Vv 5? be 


2 
the map given by v(x,y,z) = (x,y,-z) . Then (S ,¢,v) becomes an 


n : 
H-cogroup. Similarly, any sphere S (n > 1))) is. an,N-cogroup. 
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In general, we have 


Example 5.4.2. Any suspension <¢X is an H-cogroup. 


Indeed, for all xe€X, t ¢€ I , we may let 


Cee a 0 bu 2 
o (x,t) = ) 
WCE (x Ztery). LE i: sal ee 


and v(x,t) = (x,l-t) . Then (2X,4,v) is an H-cogroup. 


Remark. The suspension is the only H-cogroup ([17], P4) 


that I have been able to find. 


All H-cogroups are co-H-spaces, since an H-cogroup is a 
co-H-space which satisfies some additional conditions (see P5). Thus 


all spheres are co-H-spaces. 


5.5 Cyclic maps 


We shall now recall how the term "cyclic map" originated. 
Let X be a topological space. A cyclic homotopy ([9] P840 and [8]) 
H: X x I +X is a homotopy such that H(x,0) = H(x,1) = x for all 
Xie x. ff “H dts'e cyclic homotopy, then the path oG:.1 > X* given: by 
o(t) = H(.t) (for'ali t’e I, ts called the trace‘of -H .- “Gottlieb 
({9], P840) introduced the subgroup G(X) (of the fundamental group) 
which consists of all the homotopy classes of those loops which are 
the trace of some cyclic homotopy. Later, Varadarajan ([31], P141) 
generalized G(X) to G(A,X) and called the maps f: A>xX which 


are represented by elements of G(A,X) "cyclic". This is how the 
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term "cyclic map" first appeared and we stick to it by following 


Varadarajan's convention. 


It was seen in Chapter I that a necessary and sufficient 
condition for a topological space to be an H-space is that the identity 
map of X be cyclic. We also saw that if the Gottlieb set G(A,X) 
vanishes then certain fibrations admit a cross section. Apart from 
these, some relationships also exist between maps of finite order and 
cyclic maps and G(A,-) preserves products in the second variable. 
Thus the theory of cyclic maps and evaluation subgroups could be very 


interesting and is worth studying. 


Although the following example is well-known, we still give 


it as an illustration. 


Example 5.5.1. Let (X,m) be an H-space and A _ any space. 
Then any map f: A >°X is cyclie.” In fact, let F = m(ixf), 
i: X VA>X x A and j':°X v X > xX « X "be the usual inclusions. 


Then Fj = m(lxf)j = mj" (1vf) = VCIVf) -~ Hence £ is cyclic. 


Example 5.5.2. (see Proposition 1.3.3) Let g: 58 > 5? 


be any map. Then 2g is cyclic. In fact, 58 is 9-coconnected and 


the assertion follows by Proposition 1.3.3. 


The next example of cyclic maps is derived from an example 
of a topological group which is not a Lie group taken from the book: 


Introduction to topological groups (P82) written by T. Husain. 


Example 5.5.3. bet. G= oi R, » the direct product of 


j or * cs a ‘7 ' 
gakwolio? yd dt as Aste, ou = boa We 
ametorat iva Bae yrseeaa9y 5 ‘aa 19 ~ ie a 

va tsisht ofa Jad al saeqa-H ne Soy, soBqe)  Leotgotones, 6 ey . 
(8,49 35a dak i3300 oid Th tadg “ee oats ow atthe od x ve i 
mot s0Gh .wakinoa #073 8 tebe prere ae stem ands a 


brig tbo etiakt to aygam nsewted jeins ‘eels 


99698 ee 4 bane aonqenit nse ad te ae 
-20Ketrl sat tsueiy ad3 sd_ % : * a + - ¥ > “ tp brs ee x 


e+ 23 73 3st = (€.0.0 pobidaeqort aga) Aied stigmas a 
hae Nie 


pire bod same at e ton) al -abLoyn eh ss sot pr 
i 


o¢ 


Es g.1 nots teoqost we ewollod soni “ex 


ee: i" macy 
-_ x W 7 a a 
siqmexs as owt bavizeb ai egee ainsi ‘ho olquexe 2280 oat —' mt 4) iy 


ala ‘pi? Hes? pede que sti ton at stoksdw wong) teat gotoyes we i 
-AfRayh AT xa dis Svinte ap as, tantgotoqos od aceale ta | mn 

) % Sar jasatb sai, ra ie a * - et dtoesas ; ; he aie = : 
7 a a> =} ; wey oF ; 


~~ - 7 7 ry e od i “| ' i a - 7 i . " ae ve +2 P) _ a 


60 


countably infinite number of copies of the real line endowed with 
the product topology (we add elements of G componentwise). Then G 


is a topological group which is not a Lie group. Let 

BPR {0} x {0} x ... be the first copy in the product I R 
i=l 

Then H is a closed subgroup of G . Form the coset space G/H . 


1° 


Then G/H = {<g,>+H: <g,>€G} = {Ry x{85}x{Bq}x.. 6: <g,><G} = 


tRzx I tes}: <g,7€G} - Let p: G+ G/H be the natural map. We 


Et 
j=2 
elaim that .p ds.cyclic. 
To see this, let F: G/H x G > G/H be the map given by 


E(ori.s') = (ete) Fn for all g,e"\<« G. “Then F(H,e'). = (Ote") + H 


= g' +H = p(g') and F(gtH,0) =g +H. Hence p is cyclic. 


5.6 Evaluation subgroups 


The theory of evaluation subgroups is relatively very new as 
compared with that of homotopy groups. Although we are able to show 
that G(A,X) forms a group or even a ring under certain conditions, we 
make no claim that it be always computable at this time. However, we 
hope to investigate the problem further in future. This problem is 
similar to the following situation. As is well-known [X,Y] is 
always a group if either X is an H-cogroup or Y is an H-group 
({17], PP1-4), but in either case the group [X,Y] is not always 
easy to compute. In fact, X is an H-space iff G(A,X) = [A,X] for 
any space A. 

In what follows, we shall provide a few examples of 


evaluation subgroups. For more details of the topic the reader is 


referred to [9], [12] and [23] (the evaluation subgroups of various 
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Stiefel manifolds were calculated in [23]). 


Example 5.6.1. Let K _ be the Klein bottle. Then 
G, (K) = Z (1, (K)) » the center of m, (K) where m, (K) is the group 
on two generators a and b witha relation bab =a. In fact, 
using the notion of 2-extensibility, Gottlieb showed ([9], P848) that 
; G, &) = Z(m, (X)) if X is aspherical, i.e. TO a0: [for one 


Since the Klein bottle is aspherical, the assertion follows. 


The following important example is due to Gottlieb and the 


proof is due to Varadarajan. 


Example 5.6.2. For any integer n>1, 


| QO, dE on: ite even 
nat } n ’ : 
G(s ,s y=" 220 72 ms yet. nm ts odd and on ¥ 1,3,7 


| z= 1 (S")s 4f no= 1,3,7': 


Proof. First observe that f: S$ >S" isa cyclic map 


n 


iff there exists a map F: Seen eH eof bidegree (1, deg f). 


Case 1. n_ is even ify SS aS as OF bidegree 


(1, deg £) , applying the Hopf-construction to F we get a map 


2n+1 n+1 
at 


SCE) 2) s S whose Hopf-invariant is equal to deg f . However, 


it is known that when n +1 is odd the Hopf-invariant of any map 


gee! = et is zero. Hence the only cyclic maps s" > $" are those 


of degree zero. Thus Gish ey 0, 


Case 2. n is odd Let **1''e m (S") denote 


a generator. It is known that there exists a map 


Bs so x ge > s” of bidegree (1,2) . It follows that the elements 
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242 isin G(s ss") - It is also known that there exists a map 

n n n : 
Ee ot oS OL badegree *(i,1) iff. n’t 1,°3 or 7 . ‘Thus the 
element n itself lies in e(s",s”) it w= as Or 37.) “Since 
e(s" 5s") is a subgroup of m™ (S") = Z , the assertion follows. In 
facts 1h .cnhe~l. 3. rore 7» then Sa is an H-space and G(S?,s") = 


m (S") = Z , from another point of view. 


Using a result of Gottlieb, we can obtain the following 


interesting example. 


Example 5.6.3. c, (S”) ari.) bo sea this, aS G be the 
group of homeomorphisms of 5? onto itself and w: S2 aC be the 


evaluation map. Then wy (6) = fACSE Tee G9) P856)..- “Thus 
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G,(S°) = wgtg(S’ 41 5) > agt,(G) = 74(S") , 80 that 
S 


3 
2 
G,(S°) 


m4 (S°) oD ie 


5.7. Central maps 


The notion of central maps was first introduced by 
M. Arkowitz and C.R. Curjel in their paper [3]. In Chapter II, we 
applied this idea by introducing a set C(A,X) to obtain one of our 


main results, namely, G(X,X) forms a ring for any H-cogroup xX. 


Thus central maps should also be looked at in the study of cyclic maps. 


Example 5.7.1. Any map f: st > st ig central. In fact 


1 ; 
let Py and Po be projections of st x $ onto the first and 


second coordinate spaces respectively. Then Py + Po = Po + Py . 


since st is a commutative topological group. Thus 
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(p, tp.) > PyatyPo-* O. Let m and u be the multiplication and 
inversion of st respectively. Then m= Py + P, and 
m(uxy) = “Py — Py: It follows that m+m(uxu) = 0, i.e. 


m(mxm(uxu))A y, ort 0 . Hence m(mxm) (1x1xuxp)A 
SEX 
1 


c = 0 and hence c(1xf) = 0 for all f:S > st Y *"Thos * ££" "is 


= 0, or 
sixgt 


--central. 


Example 5.7.2. Let A be any space and f: A > RP (real 
projective space) a map. Then Qf is central. In fact, RP isa 
topological group and hence an H-space. By Example 5.5.1, there 
exists a map F: RP. x A >RP such that Fj = V(lvf) where j is 
the obvious inclusion. Thus V(lvf)L = FjL = * where 
L: RP- bA + RP V A is the usual inclusion. It follows that Qf 


is central by Lemma 1.3.9. 


Syste} Cocyclic maps and concentral maps 


The following are two elementary examples of cocyclic maps. 


Example 5.8.1. Every constant map *: X >A _ is cocyclic. 


In fact, we may take the inclusion map ij: Xe XS aV.~A.y sto bea 


coassociated map of *. 


Example 5.8.2. If X is a co-H-space, then every map 
fi X > A is cocyelic. To seerehta. het” Pe xe xv X be the 


co-H-structure on X . Then we may take (1Vf)~ to be a coassociated 


Map Ob) i. 


The next example is not quite trivial and reference of [17] 


is required. 
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Example 5.8.3. Consider the cofibration 


NaS 3 Ax BAA B= = 


B 
we where A and B are spaces of the 


homotopy type of CW complexes. Then the coboundary map 3 in the 
Puppe sequence of the cofibration is cocyclic. To see this, we first 
describe how 92 is obtained. For the sake of simplicity, let 
oe hee n= Brand 4S \a « BY. Let W2°Y 0 'CX~ be the 
mapping cone of j: X > Y . It is well-known that ee map q: W> Y/X 
which collapses CX to the base point is a homotopy equivalence. 

Let h be a homotopy inverse of g. If we collapse Y to the base 
point in W ,we get %X. Let i: W-> ©X be the identification 


map. Let. 9 = ih: Y/X > =X . .Then 92 is the coboundary map in the 


following Puppe sequence of the given cofibration: 


j 3 
x 3 Y>Z> IX > ltY > 


We shall now show that 9 is cocyclic. According to [17] (P171), 


there exists a cooperation ¢$: Z> ZV =X with Py? = 1, where 


df 
Py: ZV <=X->Z is projection, and 9 = at ({17], P176) where 


F/ 
s = Po and Py? ZL VYEXe 2X? is proyection. Thus ara = s"[1,,] 


i.e. J.°0 = 1. *6 “oe”. @)~eshtS Claim: s is‘cocyclic. Indeed, we 


(1xs)A (1xp,o)A 2 (P1oxP,o)A 


(py xP) (oxo) A = (D1 *P,)A¢ 


= 0-5 10 


where j is the obvious inclusion. Thus s and hence 9) is eocyclic. 


Note that Example 5.8.1 is also an example of cocentral 
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maps. Another example is the following. 


Example 5.8.4. If G is a homotopy commutative H-cogroup 
(e.g. rx for any space X) then any map f: G>G is cocentral 


(compare Example 5.7.1). 


5.9 Examples on some results 


The following example shows that the hypothesis on X in 


Corollary 1.4.6 is necessary. 


Example 5.9.1... Let’ X =A ®= s/ in the Corollary. Since 


c(s’,s’) = 14(S’) = Z , every map f: s/ > s/ is cyclic. However, 
Vine 58 a 58 is not of finite order unless ‘f = * , since 


Lf e 1,(S°) = Z . Observe that X= sf does not satisfy the hypothesis 


of Corollary 1.4.6. 


Example 5.9.2 (Corollary 2.2.5) Let X = the torus, 


Y= 57 and A= 5? . Then we have 


C(A,X*Y) = G(S°,xxS) 
~ G(S*,X) @ G(S°,S8~) 


1 


os G(s°,s xg) @® Z =, by Example 5.6.3 


c(s?,s-) @ G(S*,s") @ z 


2 


Z , since c(s?,st) =O. 


\| 2 


3 2 
Example 5.9.3 (Theorem 2.3.2) Let) ‘Ave S » and X= S.* y 


Then c(s?,s*) = c(s?, 8") = ccs?,xs') ; by Theorem. 2.3.2. Thus 


c(s°,s?) = c(s>zs') = c(s°,8*) = Z , by Example 5.6.3. Also 
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G(s?, £8) = c(s°, 8?) = Z, and c(S>, £87) = G(s?, 28°) by Theorem 


2.3.2. Hence c(s°,s>) = G(s°,S>) = Z 


Remark. It is not known to us whether there exist spaces 


A and X for which G(A,X) ¢ C(A,X) 


Example 5.9.4 (Theorem 2.3.8) Since all spheres ot 


n 


(n > 1) are suspensions, we have @(s 48") = c(s",s ) = wiss.s7) = 


PYG) .S7) by Theorem 2.3.8. By Example 5.6.2, this common value is 
given by 


Ors Cine noise seven 


c(s",s") = 4 22, if n is odd and n # 1,3,7 
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